Abstract. We examine the role of extrinsic noise in diffusion-limited aggregation ( D L A ) and a deterministic continuum theory derived from the work of Paterson on Ruid Row in a Hele-Shaw cell. We show the distribution of growth probabilities for the deterministic model to be essentially the same as DLA and predict that the asymptotic value of the fractal dimension for off-lattice DLA may be closer to D-1.65*0.03, as opposed to D = 1.71.
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fetter to the Editor dimension is a very incomplete measure of the growth. A more complete description is given by the distribution of the growth probabilities on the surface [12, 131; these form a fractal measure. In this letter we will demonstrate that, in addition to the similarity in the value of D, the deterministic model of [ l l ] has essentially the same fractal measure as off-lattice D L A~. This, we believe, adds considerably to our understanding of the role of extrinsic noise in DLA-like processes, even though it dominates in practical situations [8] . Our study is similar to that of Kantor et a1 [15] in that the quantitative nature of the external source of fluctuations is relatively unimportant in DLA-like processes. In fact, in our model there is no external source. Another surprising result is that the multifractal analysis of off-lattice DLA and the deterministic model suggests an asymptotic value of -1.65 * 0.03 for the fractal dimension.
We state here the main results of the formalism to evaluate the fractal measure of the different growth probabilities on the interface. In general, one can construct an infinite hierarchy of generalised dimensions [ 
12, 131
where N ( E ) is the number of coverings of size E needed to cover the boundary. and that f( a ) is the fractal dimension of the set of singularities of strength a, we have Evaluating Dq numerically, the functions a ( q), f( q) and f( a ) may be subsequently obtained using (2). The asymptotic value for the fractal dimension can now be written down: D = 1 +amin(q+cm). The fractal dimension of the interface itself is Do= fmax(q + 0).
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To apply the above formalism to the case of viscous fingering in a radial Hele-Shaw cell, we solve the following equations for the average growth [ 111:
to obtain the interface velocity v, normalised to give the growth probabilities {pi(&)} and the interface position {Ti(&)}. The case N = 1 corresponds to the radial fluid flow problem and the case N + m to the zero surface tension limit of DLA with a lower length cutoff of unity. The difficulty in obtaining a multi-branched structure characteristic of fluid flow patterns using (3) with N = 1 is strictly computational. This was overcome by modifying the equations such that N is some positive odd integer greater than unity, The result was twofold. Firstly, this introduces a non-trivial scaling of all lengths from R + R N, making it possible to generate larger-scale numerical solutions to (3), reminiscent of actual fluid flow patterns. Secondly, the scheme allows for a continuous approach to the zero surface tension limit of DLA, a limit that has defied numerical progress in continuum models for DLA. Figure l ( a ) is an example of a solution to (3) with N = 5 . The symmetry of the cluster generated is imposed to facilitate the numerics and is due to the symmetric initial condition and the deterministic algorithm. Since the above formalism may be applied effectively only in cases where the interface exhibits fractal behaviour over a reasonable range of length scales, it cannot be applied effectively to numerical solutions for N = 1, since the fractal window in this case is prohibitively small. In fact, figure l ( a ) represents the computational limit, even in the case N = 5. The solution to (3) yields the quantities {pi(&)} and {Ti(&)}, sufficient to evaluate D,,. In figure l ( b ) we plot the number of coverings N ( E ) of size E needed to cover the boundary. The fractal dimension Do of the curve, given by N ( E ) -is estimated to be Do-1.627 over a range of 1 6 <~< 1 0 0 . For ~< 1 6 the interface exhibits a one-dimensional behaviour, as it must. Due to computational constraints, we are unable to obtain a fractal window as large as in numerical simulations of DLA.
The function D,, was evaluated numerically for the final stage of growth in figure l ( a ) , essentially by plotting log(Z(v='l' p:( E)) against log(&) and reading off the slope in the region 1 6 <~< 1 0 0 . The functions a ( q ) , f ( q ) and f ( a ) are subsequently evaluated using (2). The results are plotted in figure 2 and are found to have the generally predicted characteristics [13] . Note that the point q = 1 is numerically singular. Data were also obtained for intermediate stages of growth, and the relevant information is given in table 1. Note that f,,, is the fractal dimension, Do, of the interface and is seen to evolve from its initial value of unity to a final value of -1.627.
On the other hand, amin predicts the asymptotic value for the fractal dimension of the bulk of the structure generated: D = 1 + amin, seen to decrease from D -2.0 to D -1.684. If we assume the structure generated in figure l ( a ) to be scale invariant in the long-time limit, with a single scaling exponent, then we expect to find D = Do, or equivalently fmax = 1 + umin, as is the case for DLA clusters where there is no distinction between the interface and the interior region. For the deterministic model our prediction for the asymptotic value of the fractal dimension is in the range 1.627 < D = 1 + amin < 1.684, even though the fractal dimension at the present stage of growth is -1.73. Figure 2. ( a ) a ( 9 ) and f ( 9 ) for the deterministic model. ( b ) f ( a ) for the deterministic model. [18] , that the numerical estimates for the harmonic measures yield poor results for small q ( j ) and are most accurate for large q ( j ) because of the difficulty in determining the measure in the strongly screened interior regions of clusters. As such, we examine D, for large q. This is accomplished by determining the limiting behaviour of the curves in figure 3 . Using (2) This monotonic and limiting behaviour of D, and m disallows any possible reconciliation between 0, and Dyj, in precisely the limit we should be expecting it, for large q.
Using the above, we extrapolate D, (curve 1, figure 3 ) to obtain the estimate in estimating Dq since these data are less consistent with the expected behaviour of ln(D,)=m=O in the limit q / ( q -l ) + w . In some sense this extremely slow approach of D to its asymptotic value, hitherto unnoticed, is not surprising in view of the fact that estimates of D for on-lattice DLA decrease very slowly to -1.63 for cluster sizes in excess of 4 million particles [21] .
We now compare tfie harmonic measure for DLA clusters to that of the object in figure l ( a ) obtained deterministically. Dq for the latter is given in column 5 of table 2, where the errors represent a 95% confidence limit, and expressed in curve 4, figure  3 . Examining table 2, we note that the agreement with Dyi for D = 1.71 is remarkable, though both results are transients. Though we cannot say 'conclusively that amin + 0.65 for the deterministic model, the estimated bounds 0.627 < amin < 0.684 seem encouraging, in which case we have very good agreement between Dq for the deterministic model and both Dq and Dyj (with D = 1.65) for DLA clusters. Hence, the similarities between DLA clusters and the deterministic model go beyond the fractal and ramified structure, to the extent of the metric properties of the probability measures.
In conclusion, we emphasise the main results in this letter. In contradiction to available estimates from numerical simulations, our results suggest the asymptotic value of the fractal dimension for off-lattice DLA to be D -1.65*0.03. However, we emphasise that this result is not conclusive since there is a substantive noteworthy literature claiming this value to be -1.7 1. Clearly, a more detailed study of the fractal dimension and the multi-fractal properties of DLA is needed to resolve this issue, especially since the difference between the two estimates is not substantial and estimating the multi-fractal spectrum of DLA is a very difficult problem. In addition, we estimate the limiting value for the fractal dimension of the object generated by the deterministic growth process to be in the range 1.672 < D < 1.684. Finally, we show that the similarities between the deterministic model and simulated DLA clusters extend beyond their fractal dimensions to the extent of the metric properties of the growth probability distribution on their interfaces. This gives us a better insight into the role of noise in DLA. Whether this is sufficient to conclude that extrinsic noise is irrelevant in DLA is not immediately clear and can be addressed only to the extent to which the multifractal characterisation of the growth process is unique.
This work was supported by DOE grant no DEFG02-85ER54189.
